Asymptotic Padé-approximant methods are utilized to estimate the O(α 5 s ) contribution to the H → gg rate and the O(α 4 s ) contribution to the H → bb rate. The former process is of particular interest because of the slow convergence evident from the three known terms of its QCD series, which begins with an O(α 2 s ) leading-order term. The O(α 5 s ) contribution to the H → gg rate is expressed as a degree-3 polynomial in L ≡ ln(µ 2 /m 2 t (µ)). We find that asymptotic Padé-approximant predictions for the coefficients of L, L 2 , and L 3 are respectively within 1%, 2%, and 7% of true values extracted via renormalization-group methods. Upon including the full set of next-order coefficients, the H → gg rate is found to be virtually scale-independent over the 0.3 MH 
Introduction
The Higgs boson characterizes the electroweak symmetry breaking underlying the Standard Model. Its discovery and phenomenology will be of immense importance in clarifying our understanding of this symmetry breaking, as well as in providing vital information as to the nature of beyond-the-Standard-Model physics. The two leading hadronic decay modes of a Weinberg-Salam Higgs boson (H) with mass between 100 GeV and 160 GeV are the QCD processes H → bb and H → two gluons (gg). Although the rate for this latter process is known to O(α 4 s ), such precision incorporates only two non-leading orders of a slowly converging series in the strong coupling. If M H = 100 GeV, for example, the known order-by-order QCD corrections have been calculated [1] to be 1 + 0.66 + 0.21.
The work presented here is primarily directed toward obtaining a more precise estimate of the H → gg decay rate. We utilize renormalization-group (RG) and asymptotic Padé-approximant methods to estimate the full nextorder contribution to the underlying correlation function for this process. Such an approach has already been applied to the quark-antiquark scalar-current correlation function underlying the H → bb rate [2] , a calculation we review in Section 5 of the present paper.
As in our prior analysis of the two-gluon decay amplitude of a non-Standard-Model CP-odd Higgs field [3] , the approach we take here is to test asymptotic Padé-approximant estimates against RG-accessible coefficients within the next-order of perturbation theory. We show such estimates to be accurate up to relative errors of only a few percent, supporting the credibility of the same approach in estimating the RG-inaccessible coefficient needed to determine the full O(α 5 s ) contribution to the H → gg rate.
We operate within the context of M S expressions for the H → gg and H → bb rates that explicitly depend on an arbitrary renormalization scale µ. It has been argued elsewhere [4, 5, 6 ] that asymptotic Padé-approximant methods reduce the explicit scale-dependence of perturbative quantities which must ultimately be scale invariant. We find this to be the case for the H → gg rate as well, despite residual scale-sensitivity anticipated from the estimated RG-inaccessible coefficient of the nonlogarithmic O(α 5 s ) term within the next-order correlator. In Section 2, we demonstrate the explicit RG-invariance of the H → gg rate, as calculated in [1] in the m b → 0, M 2 H << 4M 2 t limit. This RG invariance enables one to calculate all the next-order coefficients c k of ln k [µ 2 /m t (µ 2 )] (α s (µ)/π) 5 within the calculated rate; only the k = 0 constant term is RG-inaccessible.
In Section 3, we review how asymptotic Padé-approximant methods may be utilized to estimate this set of next-order coefficients, and demonstrate close agreement with the RG-determinations of Section 2 over the range 100 ≤ M H ≤ 175 GeV. The RG-inaccessible coefficient c 0 is also estimated over this range of Higgs masses and is fitted to its anticipated behaviour as a degree-3 polynomial in ln[(M In Section 4 we examine the residual scale dependence of the Padé-improved H → gg decay rate, as obtained in Section 3. Although we anticipate a relative scale dependence comparable to c 0 (α s (µ)/π) 3 (≈ 3 − 10%), since c 0 cannot be extracted perturbatively from the RG equation (to the order we consider), we find that the residual scale dependence of the decay rate is a full order of magnitude smaller than this estimate for µ between 0.3 M H and M t (we assume 100 GeV ≤ M H ≤ 175 GeV). Consequently, the scale-dependence of the Padé-derived term c 0 (α s (µ)/π) 5 very nearly cancels the scale-dependence anticipated from truncation of the perturbative series for the H → gg rate, thereby facilitating the (nearly) scale-invariant rate predictions of Table 6 . Predictions of the H → gg decay rate are tabulated both for the m b → 0, M 2 H << 4M 2 t limit, and for the leading-order departures from this limit for appropriate constant and running values for m b and M t .
In the concluding section, we review how prior asymptotic Padé-approximant estimates of the O(α 4 s ) contribution to the scalar-current correlation function [2] can be incorporated into the H → bb decay rate. We demonstrate that the resulting next-order contribution, though only 0.01% of the leading term, is somewhat larger than known O(α 2 s ) power-suppressed contributions [7] . Consequently, the estimated O(α 4 s ) term enables the H → bb rate to be estimated to four significant figure accuracy.
RG-Invariance of the H → gg Rate
The Higgs → gg decay rate is given explicitly to 3-loop order in [1] by the following expressions:
1b) 
In the above expression, < [0
2 > is the vacuum polarization of the Higgs field induced via the gluon operator
, and
is the running strong coupling with n f active flavours.
Five flavours are assumed to be light in both (2.1c) and (2.1d). The t-quark mass M t appearing in (2.1c) is an RG-invariant pole mass, and M
2
H is assumed to be small compared to 4M
. Our goal here is to use asymptotic Padé-approximant methods in conjunction with the RG-invariance of (2.1a) in order to predict the next order contribution to Γ(H → gg). In a previous application [6] of such methods to the inclusive semileptonic b → u rate, it was found that success in predicting RG-accessible next-order coefficients was greatly enhanced by recasting the entire expression in terms of the running fermion mass. Indeed, such replacement of the b-quark pole mass with its scale-dependent M S mass had already been employed by van Ritbergen [8] to avoid a renormalon pole.
Consequently, we first re-express the H → 2g rate in terms of the running t-quark mass m t (µ), which evolves via a six-active-flavour γ m -function, and the corresponding six-active-flavour running coupling x (6) (µ). This transformation is facilitated by the following relationships [9] :
2)
H , the logarithm in (2.1d) can also be expressed entirely in terms of the running t-quark mass and a logarithm T ≡ ln M 
Substitution of (2.2) and (2.5) into (2.1d) with q 2 = M 2 H , and substitution of (2.4) into (2.1c) leads to the following expression for the H → gg decay rate:
In (2.7), we list the unknown coefficients c 0 , c 1 , c 2 and c 3 of the 4-loop contribution to the rate. Three of these may be extracted by the scale-[RG-] invariance of the physical decay rate: dΓ/dµ = 0. This invariance implies that
Both the β and γ m functions in (2.8) are referenced to six active flavours: The coefficient c 0 is not RG-accessible to these orders. In the next section, we will utilize asymptotic Padé approximant methods to estimate the four-loop coefficients {c 0 , c 1 , c 2 , c 3 }. As in prior work [2, 3, 6] , the accuracy of these predictions in reproducing (2.11 -2.13) will serve as an indication of the accuracy of our estimate for c 0 .
Padé-Predictions for the Four-Loop Coefficients
The asymptotic Padé-approximant procedure for estimation of the four loop coefficients c 0 , c 1 , c 2 , c 3 in (2.7) has been delineated in previous work [2, 3, 6] . The series (2.7) may be expressed in the form
where R 1 and R 2 are known, and R 3 is to be determined:
Initially, we shall eliminate T as a variable by assuming that the Higgs pole mass is 100 GeV, in which case
ln(100/175.6) = −1.126. As described in [6] and [10] , the [0|1] Padé-approximant prediction for R 2 is
If the error of [N |1] approximants in predicting R N +2 , the N + 2 term in the perturbative series, is inversely proportional to N + 1 [10] -i.e., if
where A is a constant-one may then utilize (3.5) and the exact value for R 2 within (3.7) to obtain A = (R 2 2 − R 2 1 )/R 2 . Substituting (3.6) and this estimate for A into (3.7), one obtains an error-improved estimate for the unknown coefficient R 3 [11] :
To obtain estimates of the coefficients c 0 , c 1 , c 2 , c 3 within (3.4), we match the scale dependence of (3.4) to that of (3.8) over the purely perturbative L > 0 region [corresponding to the ultraviolet scales µ > m t (µ)] through use of the moment integrals
where w = m
. Substitution of (3.4) into the integrand of (3.9) yields the following expressions for the first four moments [2] :
However, explicit numerical estimates of these four moments may be obtained via substitution of (3.2) and (3. Comparing (3.12) and (3.13), one finds the relative error δc i ≡ (c
− c i )/c i of the Padé estimates for c 1 , c 2 and c 3 to be -0.95%, -1.9%, and -5.5%, respectively. Such accuracy in predicting the known four-loop terms in the H → gg rate suggests that the prediction for c 0 in (3.12) is a credible one. One way to test the stability of this prediction is to utilize the true values of c 1 , c 2 , c 3 within the moment expressions (3.10) to obtain [for the numerical values (3.11) already obtained for these moments] four independent determinations of c 0 . We then find that results all within 2% of that in (3.12 ). An alternative approach to matching the four-loop coefficients c i within (3.4) to the error improved Padé estimate (3.8) is optimize the least-squares function [3] yields predictions remarkably close to those of (3.12), further confirming the stability of the estimation procedure.
In Table 1 , we have tabulated a set of predictions of the four-loop term c 0 for values of the Higgs mass between 100 and 175 GeV. Also tabulated are the errors in the predicted values for c 1 , c 2 , c 3 , relative to the true values for these coefficients, as given in (2.11-13) . Estimated values of c 1 and c 2 remain within 2% of their true values (2.11-13) over the range of Higgs masses given; the relative error of c 3 estimates remains below 7% for the same range. This consistency provides further support for the c 0 estimates presented in the final column.
These c 0 estimates may be utilized to ascertain the convergence of the series (2.7). If we choose µ = m t (µ), the logarithmic factors L k within (2.7) all vanish. To evaluate the series S/x 2 in (2.7), we assume that m t (m t ) ∼ = M t = 175.6 GeV and that α s (175.6) = 0.10915 = πx(175.6), as evolved from α s (M z ) = 0.119 [12] , in which case
For Higgs masses between 100-175 GeV, we tabulate in Table 2 the magnitudes of successive orders in (3.19). The final 4 th order term is obtained from the appropriate Padé estimate for c 0 listed in Table 1 . Table 2 shows that the four-loop term decreases from 10% to 3% of the leading contribution as M H increases from 100 to 175 GeV. Moreover, the convergence of the series is problematical in the absence of the estimate for the four loop term. Over the range of Higgs masses considered, the three-loop contribution is between 18% and 33% of the leading (one-loop) contribution.
The procedures delineated above can also be utilized to predict c 0 's explicit polynomial dependence of T ,
analogous to the expressions (2.11-13) obtained from RG-invariance for c 1 (T ), c 2 (T ), and c 3 (T ). To extract the T dependence of c 0 , we first incorporate all known T -dependence into the least-squares function (3.15): 
. We obtain a least-squares fit of these results to the form (3.20) by optimizing
with respect to {a 0 , a 1 , a 2 , a 3 }, and find that
Each coefficient listed above is within 5% relative error of the corresponding coefficient obtained via a least squares fit of the c 0 values displayed in Table 1 to the polynomial form (3.20):
Note that (2.11), (2.12), (2.13) and the Padé-estimates (3.25) or (3.26) specify all the logarithmic coefficients within the full four loop contribution (3.4) to the H → gg decay rate (2.6,7), and comparison of these results with future perturbative calculations should yield information which can be employed to further improve Padé estimation procedures. The exact H → gg rate (2.6) is necessarily a scale invariant physical quantity. The factor S[x(µ), L(µ), T ] within (2.6) will exhibit residual scale-dependence [i.e. µ-dependence] only as a consequence of truncation of the series S to a given order of perturbation theory. In the section that follows, the incorporation of the four-loop coefficients c 0−3 of S[x(µ), L(µ), T ] is seen to eliminate virtually all of this residual scale dependence.
The H → gg Rate
In Fig. 1 , the µ-dependence of three-and four-loop expressions for S[x (6) . Figure 1 shows that the four-loop expression eliminates virtually all of the residual scale dependence still evident in the three-loop rate in the region M t ≥ µ ≥ 30 GeV. The four-loop rate is observed to have a local minimum at µ = 43.5 GeV and a weak local maximum at µ = 89.5 GeV. The values of S[x(µ), L(µ), T ] at both of these points of minimal-sensitivity [13] differ by only 0.2%, indicative of the flatness of S between these two points. In Table 3 , values for S[x(µ), L(µ), T ] as well as the term-by-term series = x 2 [1 + R 1 x + R 2 x 2 + R 3 x 3 ] within S are displayed for a variety of µ-values of interest. The table displays the relative size of successive terms R n x n at the minimalsensitivity points µ = 43.5 and 89.5 GeV in addition to the points µ = 140 GeV(= M H ) and µ = 175 GeV( ∼ = M t ). The relative magnitude of the four-loop term R 3 x 3 is seen to be less than 1% of the leading term in the series (unity) over the entire region between the minimal-sensitivity values of µ.
Of particular interest in this range are those values of µ [47.0 GeV and 73.5 GeV] at which the four-loop term R 3 x 3 effectively vanishes. These values correspond to the two points in Figure 1 at which the 3-loop and 4-loop curves cross. The usual approach towards extracting information from an asymptotic series n=0 R n x n (R 0 = 1)
is to sum only that series' decreasing terms, i.e. to evaluate n ′ n=0 R n x n by choosing n ′ such that |R n ′ x n ′ | is a minimum. By choosing µ so as to have R 3 (µ) vanish, one can then argue (for this choice of µ) that n ′ = 3, suggesting that such a value for µ is optimal for estimating the series from its known terms. Of course, such an interpretation rests on the assumed increase of terms |R n x n | subsequent to n ′ = 3; all we can really be certain of is that |R 4 x 4 | > |R 3 x 3 | (= 0) at such a value of µ. Nevertheless, Table 3 shows that both values of µ for which R 3 → 0 lie between the two minimal-sensitivity points [µ = 43.5 and 89.5 GeV], and that the µ-sensitive factor S[x(µ), L(µ), T ] within the rate (2.6) varies by less than 0.2% over this entire region. Over the full range of µ values displayed in Table 3 (43.5 GeV < µ < 175 GeV), the four-loop series term (R 3 x 3 ) varies between 0 and 5% of the leading one-loop order term (unity). Surprisingly, however, the rate S[x(µ), L(µ), T ] displays a relative spread of values ∆S/S ≤ 0.4% over the same range of µ, indicative of a substantial reduction in residual scale dependence.
In Figures 2 and 3 we exhibit the residual scale dependence of S[x(µ), L(µ), T ] to three and four-loop order for Higgs masses of 100 GeV and 175 GeV, respectively. These figures show the same reduction in scale dependence evident in Figure 1 when M H = 140 GeV. For the case of M H = 100 GeV, for example, Table 4 shows that the 4-loop term R 3 x 3 varies between zero and 10% of the leading-order 1-loop term between the local minimum at µ = 29 GeV and µ ∼ = M t . Over this same range of µ, the four-loop values of S[x(µ), L(µ), T ] remain within 1% of each other. For M H = 175 GeV, the four-loop term is between zero and 3% of the leading-order term between the local minimum at µ = 48.5 GeV and µ ∼ = M t , whereas the full four-loop expression for S[x(µ), L(µ), T ] exhibits a relative spread of only 0.1% [ Table 5 ].
Such scale independence is, of course, a reflection of the RG-invariance (2.8) of S[x(µ), L(µ), T ], which has been utilized explicitly to obtain the coefficients c 1−3 . Nevertheless, the coefficient c 0 , which is not perturbatively accessible via (2.8) but is obtainable (at present) only by Padé approximant methods, appears to be precisely what is required to eliminate virtually all residual µ-dependence in the rate arising from truncation. For example, if M H = 100 GeV, the factor c 0 x 3 (µ) in isolation contributes more than 10% of the leading order contribution (unity) for µ < ∼ M t . Moreover, this contribution increases as µ decreases. Nevertheless, the particular choice c 0 = 2453 appears to ensure that the overall spread in S remains within 1%, despite the potentially large contribution to this spread from c 0 x 3 (µ). Evidently the µ dependence of this term serves to cancel the residual µ-dependence of the remaining terms in the series.
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This near cancellation of residual scale-dependence makes possible a set of credible predictions for the rate (2.6). In the fourth column of Table 6 we have tabulated the H → gg decay rates for M H = 100, 125, 140, 150, and 175 GeV in the m b → 0, M 2 H << 4M 2 t limit. The largest source of uncertainty for these predictions is in the value for α s (M z ) = (0.119 ± 0.002 [12] ), which should lead to 4% uncertainty in the rates presented in Table 6 .
Fermion mass effects (i.e. the departures from the m b → 0, M 2 H << 4M 2 t assumptions implicit in the derivation [1] of the H → gg rate) can be accommodated in leading order by replacing the factor of unity in (3.1) with the following m b -and M t -sensitive terms [14] :
The right hand side of (4.1) is easily seen to approach unity when
The leading mass correction δ m , as defined in (4.1), is tabulated for various Higgs boson masses (with PDG [12] fermion-mass values m b = 4.2 GeV, M t = 175.6 GeV) in the fifth column of Table 6 . This lowest-order fermion mass correction can be incorporated into the rate (2.6) by its inclusion into the series (3.1)
The sixth column of Table 6 tabulates the H → gg rate with this correction included. Because δ m is a leading order correction, there is genuine ambiguity as to whether "physical" or running masses should be incorporated into this correction. The former choice yields a manifestly scale-dependent contribution ∆S = δ Table 6 . In Column 7 of Table 6 we have tabulated δ m (µ) utilizing 6-active-flavour running masses referenced to m t (m t ) = 175.6 GeV, m b (m b ) = 4.2 GeV, and in Column 8 we have listed the corresponding H → gg decay rates. Theoretical uncertainty associated with the masses utilized in the leading correction-factor δ m is reflected in the differing rates of Column 6 and Column 8. This discrepancy is seen to be at most a 2% effect.
The leading order mass-correction factor δ m in (4.6) is seen from a comparison of Table 6 to Tables 3-5 to be generally smaller than the three-loop term R 2 x 2 in (4.6), but somewhat larger than the four-loop term R 3 x 3 also appearing in (4.6) [δ m is smaller than R 3 x 3 when µ = M t , as in Table 2 ]. Since the next order of fermion mass corrections is suppressed by an additional power of α s , we anticipate such next-to-leading-order fermion mass corrections to be well within 1% of the total rate. In any case, both leading-order mass corrections δ m and the four-loop contribution R 3 x 3 we obtain are sufficiently small for credible estimates of the H → gg rate on the basis of the terms in (4.6). It is also worth noting from Table 6 that δ p m itself is only 1% of the leading-order one loop term [normalized to unity in (4.6)] when M H = 140 − 150 GeV, and that δ m (µ) is comparably small when M H = 150 GeV. Hence, the rates tabulated in Table 6 are optimally valid for Higgs masses in the 140-150 GeV range.
The H → bb rate
The leading QCD scalar-current correlation function contributions to the Higgs → bb decay rate are known from explicit calculation to O(α 
The factor Π scalar in (5.1) is the imaginary part of the QCD correlation function for the quark-antiquark scalar current normalized to unity in leading order [7] : 
where x(µ) = [α s (µ)] n f =5 /π, corresponding to five active flavours. In ref. [2] , a detailed asymptotic Padé-approximant procedure is presented for estimating the coefficients d 0−4 in (5.2). The methodology is virtually identical to that of Section 3 above, except that five moments are now calculated for R 4 [w], the coefficient of x 4 (µ), based upon the asymptotic error formula prediction [11]
3)
The results, as tabulated in Table 3 of ref. [2] , are
The factors d 1−4 may be obtained directly from RG-invariance of the physical rate 
The underlined coefficient is, of course, d 0 as estimated in [2] via asymptotic Padé-approximant methods.
There is genuine value in having an estimate of this term, as it is generally larger than the O(α Table 1 of ref. [7] ). The relative magnitudes of the correlator contributions 95.5) to the H → bb rate are seen to be All but the underlined Padé-estimate term are tabulated in Table 1 of ref. [7] . Comparison to the power-suppressed terms in (5.1),
(also tabulated in [7] ) reveals that the O(α 
Summary
In the preceding sections, we have demonstrated how asymptotic Padé-approximant methods may be utilized to estimate the unknown O α 5 s coefficients {c 0 , c 1 , c 2 , c 3 } within the H → 2g decay rate (2.7). Such estimates for {c 1 , c 2 , c 3 } are seen (Table 1) to be within a few percent of the true values for these coefficients, which can be extracted via renormalization-group methods. This accuracy supports corresponding asymptotic Padé-approximant estimates of the renormalization-group-inaccessible coefficients c 0 presented in Table 1 . Moreover, the inclusion of O α corrections in conjunction with leading-order fermion-mass corrections to the rate (Table 6 ) are seen to reduce the perturbative uncertainty in the H → 2g decay rate from O(20%) to O(2%). Four-loop corrections to the H → bb decay mode are also presented, which are seen to reduce the very small perturbative uncertainty of this dominant hadronic mode by an additional order of magnitude. Table 1 . (Fig. 1 ) occur at µ = 43.5 and 89.5 GeV. Also displayed are µ = M H , µ ≈ M t , and two values of µ (47.0 GeV and 73.5 GeV) at which the four-loop contribution to S is almost zero. The values of S over this entire range of µ are seen to be remarkably static, as discussed in the text. Figure 2 occur at µ = 29.0 and 65.5 GeV. The four-loop contribution is seen to nearly vanish at µ = 31.0 and 54.0 GeV. Table 5 : The scale-dependence of the four-loop expression for S[x(µ), L(µ), T ] is displayed, as in Table 3 
